Abstract -
The mapping

{ (x, y), (x, y) f--l, ( h(l)-h(O) x y-h(O)x-g(O)) g(l)-g(O) ' g(l)-g(O) ' (m)
So it is no loss of generality to assume that g and h are both order-preserving and that both fix O and 1. We always make this assumption in the remainder of this paper and we denote the collection of all order-preserving permutations of IF that fix O and 1 by rrt, 1 (IF).
With a slight modification one can likewise show that each plane Cf ,g (IF) is isomorphic to a plane Cf' ,g' (JF) with f', g' E rrt, 1 
(IF).
A direct consequence of the dualisation process is the following.
Theorem. Let IF be a half-ordered field and let Dh,g(IF) be the incidence structure described above with g and h both fixing O and 1. Then Dh,g(!F) is a
projective plane if and only if h and g are order-preserving permutations of lF such that (1) each function x H-g(ax + b) + ch(-x) from lF to itself is surjective for all a, b, c E IF, c < 0 < a.
Note that the mapping defined in (1) above is a permutation of IF. The injectivity follows from the fact that hand g are order-preserving. We always assume that (1) is satisfied in the remainder of this paper.
To that end let rr< 1) (IF) be the collection of all pairs (g, h), g, h E rrt 1 (IF) , that satisfy (1) . ' For lF = R the planes Dh,g(R) are isomorphic to the planes Ph,g constructed by the author in [11] ; cf. [11, 2.3] . Condition (1) of the foregoing theorem is satisfied for any two order-preserving homeomorphisms g, h of R; see [2, §2 Proposition 1]. The resulting projective planes are topological projective planes in the sense that the point set and the set of lines carry Hausdorff topologies such that the geometric operations of joining two distinct points by a line and intersecting two distinct lines in a point are continuous; cf. [9] . We call the planes Ph,g semi-classical projective planes because the geometries and topologies on A+ = R + x R and A-= R -x R are the same as on the corresponding subsets of the (topological) real Desarguesian projective plane. For these planes the isomorphism problem has been completely solved, cf. [11, §3,4] . Having this construction in mind, the non-vertical lines of Dh,g (IF) are 'discontinuous' at the points of intersection with Lo. To avoid this we use a different and more symmetrical model of the planes Dh,g (IF) . The new description is obtained via the isomorphism
( ) { (x,y), x,y r-t (g-l(x),g-1(y)), (m) r-t (m) (oo) r-t (oo)
.
The vertical lines remain the same and the non-vertical lines of the projective plane
Ph,g(IF) now have the form
Lm,t ={(x,mx +t)I x E IF,x 2 O} U {(x,g-1 (h(m)g(x)
+g(t)))I x E IF,x::; O} U {(m)}.
In the usual coordinatization of a projective plane with respect to the frame v = ( oo ), u = (0), o = (0, 0), and e = (1, 1) (see [4, 1.5] ) the ternary operation is given by We also call the planes Ph,g (IF) In [6] and [7] W. A. Pierce determined the general form of isomorphisms between non-Desarguesian Pierce-Moulton planes and of all collineations of such planes. The non-Desarguesian Moulton plane over the field with nine elements plays a special role. Each collineation of this plane of order nine fixes ( oo) and L 00 , but Lo may be mapped to a different vertical line. For detailed information about collineations of this plane we refer to [6, §3] and [7, §3] . Each isomorphism between the other non-Desarguesian Pierce-Moulton planes maps ( oo) to the corresponding point at infinity except when IF is an ordered field and the planes are Pickert-Moulton planes. We shall see that a similar picture emerges for ordered semi-classical planes. Proof. By assumption and the preceding remark, (1-x)(q-x) > 0 for all x < 0 < q.
In particular, (1 -x)(x 2 -x) > 0 for all x < 0. Hence, -x > 0 for all x < 0. This implies that -1 < 0. Substituting x = -1, one then obtains 2(q + 1) > 0 for all
Suppose that 2 < 0. Then u [3] . Each such plane is isomorphic to a plane 'Pµq,ia (IF) by means of isomorphisms of types 2.1, 2.2, 2.3, 2.4; see section 2. The planes described in [7, §4, Theorem 2) are the Pickert-Moulton planes with g = id over an ordered field.
In Pierce-Moulton planes that are not Pickert-Moulton planes the 2-set {Lo, L=} is mapped to the corresponding 2-set of lines; cf. [6] , [7] . Furthermore, each such isomorphism is a composition of isomorphisms of types 2. 
Neither the algebraic-geometric method of Pierce [6] , [7] nor the topological local approach of Steinke [11] for the the solution of the isomorphism and collineation problem applies to general semi-classical planes. Instead we shall use a 'local' algebraic-geometric method (that is, we study suitable Desarguesian subsets) and we eventually have to restrict ourselves to planes over ordered fields. But then a surprisingly similar picture will emerge.
Isomorphisms that map {L 0 ,L 00 } onto {L~,L~}
There are four fundamental types of isomorphisms between semi-classical projective planes all of which map the point ( oo) in one plane to the corresponding point ( oo') in the other plane.
2.1.
Isomorphisms induced by linear maps:
where ai E IF, a 1 > 0, a2 =/:. 0, and
This map yields an isomorphism from Ph,g (IF) to Ph,, 9 ,(IF). 
where a is an order-preserving isomorphism from IF to IE. This map yields an isomorphism from Ph,g(IF) to P ahcx-1,aga-1 (IE).
2.3.
Isomorphisms that interchange the roles of the two half-planes: Let n E IF,
is an isomorphism from Ph,g (IF) to Pii,,g-1 (IF) where the permutation his defined by
2.4. Isomorphisms that interchange the roles of the two lines Lo and Lex:,:
This map yields an isomorphism from Ph,g(IF) to P 9 ,h(IF).
Note that all four types of isomorphisms yield planes whose describing permutations again are order-preserving and fix O and 1. 
In particular, a(O) = 0 and a(l) = 1. Substituting x = 1, we obtain
This shows that a : IF -+ IE is additive.
Let S be the collection of all positive elements of IF whose image under a is also positive. For x E S one obtains
for all a E IF. It follows that Sis a subgroup of Pr of index at most two. Lemma 2.5 then shows that a is an isomorphism between the fields IF and IE. The corresponding isomorphism between the projective planes has the form 2.2 but we do not yet know whether or not a is order-preserving.
We now assume that there is an
Hence g' and h' are additive.
We can therefore substitute uv for u in (3) and with 
Desarguesian planes and the Pierce-Moulton planes
We say that a projective plane satisfies Since this identity trivially holds true for s = 0, the permutation g is additive.
Conversely, if g is additive, one has g- 
Conversely, when that condition is satisfied, the mapping (x,y) i--+ (px,py) is indeed a ((0, 0), L 00 )-homology. This proves part (a).
Assume that 1 ((1, 0)) = (n, 0) where n < 0. Now one finds that a(y)
Evaluating both sides at
Lemma 2.5 then shows that h must be an automorphism of IF. It also follows that
Since 1 2 is a homology as in part (a), we have on one hand a
Conversely, when that condition is satisfied, it readily follows that the mapping 
g(IF) with (g,h) E rr(l)(IF) is((O,O),L 00 )-semi-transitive if and only if g( xy) = g( x )g(y) for all x, y
E IF, y ~ 0. b) 'Ph,g(IF) is ( (0, 0),( ) ( { g ( x) g ( y), if x ~ 0 or y ~ 0 3 g xy) = .
g(q)g(x)g(y), ifx,y<O Proof. (a) is an immediate consequence of Lemma 3.4(a).
For (b) consider the identity nh-
which is true for all x, n E IF, n < 0. Replacing h-
u, n E IF, n < 0. Using the multiplicative rule for gin ( a), one finds g( u) = hg- 
because f is order-preserving. Similarly, if we assume that there is an x < 0 such that f ( x) -=f. rx, we now find 
Isomorphisms that map ( oo) to ( oo')
In this section we determine isomorphisms between semi-classical planes that map ( oo) to ( oo'). In the dualised planes these isomorphisms correspond to 'affine' isomorphisms, that is, isomorphisms between the affine planes Cf ,g. This in turn allows us to determine the affine collineation of those planes. 
Proposition. If an isomorphism
General hypotheses in the remainder of this note:
IF and IE are ordered fields. The corresponding projective planes Ph,g (IF) and Ph' , 9 , (IE) with (g, h) E rr(l) (IF) and (g', h') E rr(l) (IE) are ordered planes in the sense of [10) ; see also [4, §9) or [13).
The relation of separation between pairs of points on a projective line is invariant under projectivities. It is naturally inherited from the order of the coordinatizing field with which affine lines can be identified. An isomorphism 'Y from Ph,g (IF) to Ph' ,g' (IE) is order-preserving if it preserves the relation of separation between pairs of points on a line. In particular, the isomorphisms of types 2.1 to 2.4 are order-preserving. ,o, (a,a -c) E L1,-c and (a,m(a -c) 
Let v1 =(0,t), v2=(a,t), V3=(c,g-1 (h(-l)g(c)+g(t+a)))
for O < a :S 1, c < 0, t 2: 0. Then vi, v2, V3 belong to B. The sides of the triangle formed by these points are 
Desargues' theorem: the triangles with vertices ( u, b ), ( u, g- 
So far we have obtained that g( ,o, L1,-a, Lm,-g-l(h(m)g(a) ) with m -j. 0, 1. Consequently, these lines must intersect at (a, 0) by Desargues' theorem. Proof. Suppose that ,y( {Lo, L 00 } ) n {L~, L~} = 0. We distinguish three cases.
When ,y-1 ((00')) E Lo U L 00 , we can assume that ,y-1 ((00')) = (0), ,y- 
for all x E IF. In particular, h' and h, and g' and g are afEnely equivalent. [11, 4.3] ; see also [12] for the classification of these planes over JR according to the dimension of their collineation groups.
